FAST PROOF OF FUNCTIONAL EQUATION FOR ((s) 



luis bAez-duarte 



The functional equation for £(s) seems certain to remain a most important 
topic. More than a few dozen proofs for it are already known; perhaps this 
is a lower bound only. In Recoltes et Semailles Grothendieck admonishes 
mathematicians to look anew at old concepts in solitude and in absolute, 
childlike innocence. Following his dictum I found a very short proof of the 
functional equation, only to realize later -one expects to be forgiven- that 
it was an even shorter version of Titchmarsh's (Hj p. 15) first proof of the 
functional equation based on the fundamental Fourier transform view of £(s) 
that appears, easily overlooked, on page 14 formula (2.1.5) of his treatise. 
Namely, with p(x) standing for the fractional part of x, 



(0.1) 0*1 = r ' x - s - 1 p(x)dx, (0<Ks<l), 

s Jo 

which, by the way, is the basis for the Nyman-Beurling approach 0, to 
the Riemann hypothesis. 

Starting from QO.lj) we can write 

(2 s -1)0$. = [°° x ~ s ' 1 (p(x) -p(2x))dx 
s Jo 

POO 00 -y 

= I xSlS ^ — (sin4ri7rx — sm2nirx)dx. 

^° n=l 

valid for < < 1. On account of the uniform boundedness of the partial 
sums we can interchange integral and sum to obtain 



C(s) °° 1 f°° 

(2 s - 1)— ^- = — / x _s ~ 1 (sm4n7T2; - sin2n7rx)(ix 

-(2 s -1)2^-^-3) sin yC(l-s), 

where the last equation is valid at first when — 1 < < 0, but it obviously 
provides the analytic extension to the whole plane. 



Date: 13 May 2003. 
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